Universal Bound States of Two Particles in Mixed Dimensions or Near a Mirror 
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Some novel two-body effects analogous to the well-known three-body Efimov effect are predicted. 
In the systems considered, particle A is constrained on a truncated or bent one-dimensional line or 
two-dimensional plane, or on one side of a flat mirror in three dimensions (3D). The constraining 
potential is fine-tuned such that particle A's ground state wave function is a constant in the region 
in which it is constrained. Particle B moves in 3D and interacts with particle A resonantly. An 
infinite sequence of giant two-body bound states are found in each case. 
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Three particles with short range interactions and large 
scattering length usually have many shallow bound states 
known as the Efimov states [ll-fl3T| . Their sizes greatly ex- 
ceed the range of the interactions, and they are similar 
to each other due to a discrete scaling symmetry [iT4l3j]. 
Initially studied for three particles in three dimensions 
(3D), Efimov's scenario has been extended to four or 



more particles in 3D |ll|, Il4 - |24| , to three or four reso- 
nantly interacting particles in mixed dimensions - where 



different particles live in different spatial dimensions [25- 
28 1 , to five-body systems in one dimension (lD)j29|, and 
to three particles with long-range dipole interactions [3(| ■ 

All the above effects require three or more interacting 
particles. Although one may have Efimov effect for two 
particles interacting resonantly with a static point impu- 
rity and between themselves, the impurity can be treated 
as a third "particle" , having an infinite mass. 

In this Letter we propose some novel scenarios in which 
one can not say a third "particle" (in the normal sense of 
the word) is involved, and two particles only with short- 
range interactions [3 11 ] have many shallow bound states. 
These two-body states are precisely similar to each other 
and are universal in the sense that they depend only on 
such macroscopic parameters as mass ratio and angle, 
and a single length scale that fixes their overall sizes, but 
not on any additional microscopic details of the problem. 

We propose 7 distinct but related scenarios (skteched 
in Fig.[lJ for two particles A and B, with masses ttia and 
tub respectively. 

Scenario 1: A is constrained along a half- infinite ID 
ray. The ray extends from a fixed point called vertex. 

Scenario 2: A is constrained along a V-shaped bent 
line, whose two straight arms form an angle 6 < tt at a 
point called vertex. 

Scenario 3: A is constrained on a half-infinite 2D pla- 
nar sheet, whose edge is a straight line. 

Scenario 4: A is constrained on a bent 2D plane, whose 
two flat sheets form an angle 8 < ir along a ID ridge 
called edge. 

Scenario 5: A is constrained to one side of a 2D plane 
(called mirror) in 3D space. 

Scenarios 6 and 7: A and B are both constrained to the 



same side of a 2D plane (called mirror) in 3D space. 

In each scenario, the microscopic profile of the con- 
straining potential is not uniquely specified. We only 
require that the potential be fine-tuned and, in partic- 
ular, the depth of the potential at the vertex, edge, or 
mirror surface must take some critical value (depending 
on the microscopic size or thickness of the vertex, edge, 
or mirror surface), such that the ground state wave func- 
tion of an isolated particle A approaches a finite constant 
away from the vertex, edge, or mirror surface. 

In Scenarios 1-5, B does not experience any constrain- 
ing potential, and can move in the entire 3D space freely. 
In Scenario 6, the constraining potential for particle B is 
also fine-tuned such that the ground state wave function 
of an isolated particle B is a constant on one side of the 
mirror and zero on the other side. In Scenario 7, the mir- 
ror acts as a hard wall for particle B, so that the ground 
state wave function of an isolated particle B is linearly 
proportional to its distance from the mirror. 

In Scenarios 1 and 2, A and B interact with a 1D-3D 
mixed dimensional scattering length a c ff [25j |. In Sce- 
narios 3 and 4, A and B interact with a 2D-3D mixed 
dimensional scattering length a G fj [25| . In Scenarios 5-7, 
A and B interact with a scattering length a. 

In this Letter we show that, if a c g (for Scenarios 1-4) or 
a (for Scenarios 5-7) is infinite, the two particles have an 
infinite number of shallow bound states that are similar 
to each other, and we determine their wave functions 
analytically. The linear sizes of these bound states form 
a geometric sequence with common ratio 



A = e* /s ° 



(1) 



called scaling factor (greater than 1), and the binding 
energies form a geometric sequence with common ratio 
A -2 , analogous to the Efimov effect [H,[2|. Here sq is the 
positive solution to the transcendental equation 



F S0 (a) - cosh(7rs ) + r?(l) [l + F n (tt - a)] = 0, 
where 

_ sinh(soC) 



F S0 (0 



sq sin £ 
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FIG. 1: In Scenarios 1 and 2, particle A is constrained along 
a ID ray or bent line. In Scenarios 3 and 4, particle A is 
constrained on a half-infinite plane or bent plane. In Scenarios 
5-7, particle A is constrained to one side of a plane in the 3D 
space. In Scenarios 1-5, particle B is free to move in the entire 
3D space. In Scenarios 6 and 7, particle B is constrained to 
the same side of the plane as particle A. See text for more 
details. 
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Scenarios 1, 3, 5, 6, and 7, 
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and u = mA/mB is the mass ratio. 

In Scenarios 1 and 2, the bound pair, or dimer, is 
pinned near the vertex (although the dimer's size can 
be arbitrarily large; see above). In Scenarios 3 and 4, the 
dimer is localized near the edge but can move along the 
edge freely. In Scenarios 5-7, the dimer is localized near 
the mirror but can move freely in any direction parallel 
to the mirror. The emergence of these shallow bound 
states will thus be called vertex effects, edge effects, and 
mirror effects, respectively. 

The vertex effects in Scenarios 1 and 2 will be called 
one-leg vertex effect and two-leg vertex effect, respec- 
tively. 

The edge effects in Scenarios 3 and 4 will be called one- 
sheet edge effect and two-sheet edge effect, respectively. 

The mirror effects in Scenarios 5,6, and 7 will be called 
Type-I mirror effect, Type-IIN mirror effect and Type-IID 
mirror effect, respectively. For two resonantly interacting 
particles near a hard wall with the usual Dirichlet bound- 
ary condition, there are no infinite sequence of bound 
32| . The mirror effects predicted in this Letter 



states 



differ in that at least one particle is subject to the Neu- 
mann boundary condition instead [see Eq. ([2"Tj) below] . 

The values of sq for all the seven scenarios are plotted 
in Fig. [5] Note that in Scenario 7, sq vanishes at u = u c ss 
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FIG. 2: so versus the mass ratio. The sizes of two adjacent 



shallow bound states differ by a factor of A = e 
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Solid line 



applies to the one-leg vertex effect, one-sheet edge effect, and 
Type-I mirror effect, as well as the 9 — > limits of the two-leg 
vertex effect and two-sheet edge effect. Dashed lines: two-leg 
vertex effect and two-sheet edge effect at various values of the 
angle 9, whose value is labeled on each curve. Dot-dashed 
line: Type-IIN mirror effect. Dotted line: Type-IID mirror 
effect (existing at mA/mB < 0.195 only). 



0.195 and there is no real solution for so at mA/mB > u c , 
so the Type-IID mirror effect is limited to niA/ms < u c 
only. In all the other six scenarios, the infinite sequence 
of shallow bound states exist for all mass ratios. 

We only consider those two-body bound states whose 
sizes far exceed the range of the interaction; we treat 
the range as zero and replace the interaction by a Bethe- 
Peierls (BP) boundary condition [see Eqs. ©, (|T5|) and 
(|2"3")l below]. Equation ^ ensures that the BP condition 
is satisfied. The two-body binding energies are given by 



E = -h 2 K 2 n /2m B , 



(6) 



where n n = KoA~ n (n = 0,1,2,...). The parameter 
1/kq is determined by the masses of both particles, the 
microscopic details of the interaction, and the external 
potential responsible for the ID or 2D confinement or the 
mirror. It plays the same role as the length parameter in 
the three-body Efimov effect 0, Q . 

In the following paragraphs we list the equations sat- 
isfied by the low energy states at |a e ff| ~~ ^ 00 (f° r Scenar- 
ios 1-4) or \a\ — > oo (for Scenarios 5-7), and show their 
bound-state solutions. 

In Scenario 1, the two-particle wave function is tp = 
ip(rA, rg), where is the distance of particle A from the 
vertex, and is the position vector of particle B relative 
to the vertex. Since the ground state wave function of an 
isolated particle A is a constant on the ray away from the 
vertex, if) satisfies the Neumann boundary condition at 
low energies (we assume particle A is tightly confined in 
a quasi-lD geometry, and the two-body energy E relative 
to the scattering threshold should be much smaller than 
the microscopic energy scales such as fi 2 /2m J 4e 2 , where 



3 



2irh is Planck's constant, and e is the amplitude of zero- 
point motion of particle A in the transverse directions): 



dtp 

lim — — = when 7^ 0. 

rjt->-o or a 

ip also satisfies the Schrodinger equation 

/ h 2 d 2 h 2 



2m a dr 2 , 2m b 



(7) 



(8) 



and the BP boundary condition for the 1D-3D mixture 
with |a e ff| — » 00 [25I : 



V>oc 1/V + 0(V), V^O, 



(9) 



2-, 1/2 



where X> = [|r B - e(e • r B )| 2 + ^(r A - e • r B ) ] 
is a measure of the separation between the two particles 
[2^ . and e is the unit vector parallel to the ID ray along 
which A is confined. We find a sequence of bound states 
(labeled by the integer n) with wave functions 



<r=±l 



i>= ^] F aQ farccos ^^ i ^t-^ )g so (k„R), (10) 



where F So (£) is defined in Eq. ©, G So (y) = y 1 K lSo (y), 
Ki So (y) is the modified Bessel function of the second kind 
which decays exponentially at large y, and R = (ur 2 A + 
r^) 1 / 2 . Their energies are given by Eq. (j6|). 

In Scenario 2, let Vv( r ^' r s) be the probability ampli- 
tude of finding particle A on the /nth arm (p = 1 or 2) 
of the bent line, at distance ta > from the vertex, and 
particle B at position r B relative to the vertex. Since the 
ground state wave function of an isolated particle A is 
a nonzero constant along the two arms, at low energies 
iPli{ta,i"b) is a continuous and smooth function of the 
position of particle A on the bent line: 



lim tpi = lim ip2, 



lim t^— = — lim ^ 2 . (11) 

rA->0 Or A r A -+0 Or A 



The Schrodinger equation and the BP boundary condi- 
tion are given by Eqs. (|SJ) and ([9]), with i/j replaced by ipp. 

and V = [\r B - e M (e M • r B )| 2 + -^i(r A ~ e M • r B ) 2 ] 1/2 
instead. Here e M is the unit vector parallel to the pth 
arm, satisfying ei • e2 = cos 9. We find a sequence of 
bound states with wave functions 



(-l) S ""ur A - c„ • l B n ( 
arccos . I G So («;„-££), 



r B 



(12) 

where 5 M „ is the Kronecker delta, and R = {ur 2 A + r 2 B ) 1 / 2 . 
Their energies take the form of Eq. ([6]) . 

In Scenario 3, we set up a Cartesian coordinate system 
whose z axis coincides with the edge of the half-infinite 
sheet, and whose positive x axis is on the sheet. The wave 
function is xb(x A , za, xb, Vb, z b), where (xa,0,za) an d 



(xb,Vb, z b) are the coordinates of A and B, respectively. 
ip satisfies the Neumann boundary condition 

o / 

lim — — = when x% + y% + (z A - z B f ^ 0, (13) 

x A ^0 OXA 



the Schrodinger equation 

h 2 , d 2 d 2 _\ h 2 

- A 



2m a (dar, 



2m 



-v 2 



B 



ip = Eip, V>0 (14) 



and the BP boundary condition for the 2D-3D mixture 
with Iffleffl — > 00 25j : 



ip oc V~ l + 0(V), V^Q, 



(15) 



where V = {y% + ^[{x A - x B ) 2 + (z A - z B ) 2 }} 1/2 is a 
measure of the separation between the two particles [2|| . 
We find a sequence of shallow bound states with wave 
functions and energies 



cr=±l 



s l 



auxA — xb 

3 , 

VuTTR 



G S0 ( Kn R), (16) 



E = -~h 2 n 2 n /2m B + h 2 k 2 z /2M, 



(17) 



where z c = (uza + Zb)/(u + 1) is the z coordinate of the 
center of mass (C.O.M.), M = mA+ms is the total mass, 
hk z is the z component of the two particles' total linear 



momentum, and R = [ 



ux , 



-Vl + ^izA-ZB?} 



1/2 



The C.O.M. motion in the z direction is decoupled from 
the remaining degrees of freedom. 

In Scenario 4, we set up a Cartesian coordinate system 
with the edge as the z axis. The two-body wave function 
is ip)j.(pA, za,i~b±, zb), representing the probability am- 
plitude of finding particle A on the pth (p = 1,2) sheet 
at distance pa from the edge, with z coordinate za, and 
particle B at position (r B j_ + zbg z ). Here e z is the unit 
vector along the z axis, and r B ± is perpendicular to e z . 
Let be the unit vector parallel to the pth sheet and 
perpendicular to the edge: e M • e z = 0. We have again 
e i ' e 2 = cos 9. The wave function satisfies the continuity 
and smoothness conditions across the edge 



lim tpi = lim tp2, lim = — lim ^ 2 , (18) 

PA^O Pa^O Pa^O OpA PA^>0 OpA 



dip2 



the Schrodinger equation 



h 2 ,jp_ ^ 2 _^ h 2 



2mA^dp 2 A dz A J 2ms 

and the BP boundary condition Eq. ([TB]) . but now 

2 



(19) 



V 



e M (e M • r s _L) 



[(PA - e M ' r B±) 2 + (za - z B ) 2 ] } 



1/2 



4 



We find a sequence of bound states with wave functions 



(-l) s ^up A - e v ■ v B A 



x G S0 (K n R), 



(20) 



1 /2 

where R = [up 2 A + r% x + ^±{z A - z B ) 2 } and z c = 
(uza + z B )/(u + 1). The energies of these bound states 
again take the form of Eq. (TTTf . 

In Scenarios 5, 6, and 7, we set up a Cartesian coor- 
dinate system whose yz plane coincides with the mirror 
surface, and whose positive x axis is on the same side 
of the mirror as particle A. The two-body wave func- 
tion is ip(xA, HA, ZA,x Bl yB, z B ), where (x A ,y A ,z A ) and 
{x B ,y B , z B ) are the coordinates of particles A and B, re- 
spectively. In all three Scenarios, xa > 0. In Scenarios 6 
and 7 we also have x B > (but in Scenario 5, x B may 
take any value). The wave function satisfies the Neu- 
mann boundary condition 

lim = when x% + (y B - y A ) 2 + (z B - z A ) 2 ^ 0, 



xa-iO dXA 

the Schrodinger equation 



2m A 



2m r 



V B U = Eil), r>0 



(21) 



(22) 



and the BP boundary condition with \a\ - 
ip oc r^ 1 + 0(r), r -> 0, 



oo: 



(23) 

1 /2 

where r = [(x A ~ x B ) 2 + (y A - yB) 2 + (z A ~ z B ) 2 ] 
is the distance between the two particles. In Scenario 6 
the wave function must also satisfy the Neumann bound- 
ary condition lim, CB _ s .o = due to a fine-tuning of 
the mirror potential for particle B at x B — 0, whereas in 
Scenario 7 it should satisfy the Dirichlet boundary con- 
dition lim a;B _ ! .o ip = due to a hard wall potential barrier 
at x B =0. We find a sequence of bound states with wave 
functions and energies [33j 



E E 

o\a=±1 a B — ±1 



( a A ux A + <J B x B \ . . , , 
x F So arccos )G S0 (K n R), (24) 

v V u + 1 R ' 



E = -h 2 K 2 j2m B + h 2 (k 2 + k 2 z )/2M, 



(25) 



where y c = (uy A + y B )/(u + l), z c = (uz A + z B )/(u + 1), 

R = {ux 2 A + x% + ^[(VA - y B ? + [z A - z B ) 2 ]} 1/2 , 
T)(—l) = 1, and 77(1) is given by Eq. ([5]). If particle A 
is subject to the Neumann boundary condition (f2"Tj). but 
particle B is subject to a mixed condition t/j oc l — XB/af D 
at xb —> + , the two-body spectrum will be type-IID- 
like for pair sizes 3> |afd, type-IIN-like for pair sizes 



•C lafd, and exhibits a smooth crossover in between, 
analogous to the "Bose-Fermi crossover" in the three- 
body Efimov spectrum in a 1D-3D mixture [28j |. 

One may realize the scenarios discussed above with 
ultracold atoms, for which one can use a Feshbach reso- 
nance to achieve the two-body BP boundary condition. 
For Scenarios 1-5, one may apply species-selective optical 
dipole potentials to constrain the motion of atom A but 
not atom B [27J. For Scenarios 1-3, the potentials could 



be produced by some light sources' real images (at the 
focal plane of a lens or parabolic reflector), superimposed 
by a ID optical lattice. To realize the Type-I mirror ef- 
fect (Scenario 5), one may illuminate the 3D region x > 
with a laser (red-detuned for atom A) whose intensity is 
deliberately enhanced in a layer of thickness ~ d near 
x = 0, such that atom A's ground state wave function 
approaches a finite constant at x 3> d. To realize the 
Type-II mirror effects (including Scenarios 6 and 7 but 
excluding Scenario _5), one may apply a Double Evanes- 
cent Wave mirror [34j | potential V(x) that is strongly re- 
pulsive at x < ei, attractive at ei < x < £2, and negligible 
at x 3> £2- At a critical attraction, the ground state wave 
function of a single atom A approaches a finite constant 
at s > £2- Then the two-body wave function satisfies 
Eq. ([21]) at low energies \E\ < h 2 /2m A e%- 

The Type-IIN mirror effect may be realized with two 
identical bosons, for which Sq = 0.7202 and the scaling 
factor A = 78.4 [see Eqs. © and ©]. This should be 
contrasted with the scaling factor 22.7 for the Efimov 
effect of three identical bosons 0, 0. (All other two- 
body effects predicted above require two distinguishable 
particles.) 

To have a denser two-body spectrum, we need a smaller 
scaling factor A. This requires a smaller mass ratio 
wiA/mB (except for the type- UN mirror effect where A 
is invariant under the interchange of niA and tub', see 
Fig. [5]). If one chooses 6 Li and 133 Cs for A and B respec- 
tively, then in the 1-leg vertex effect, 1-sheet edge effect, 
and type-I mirror effect A = 9.8, in the type-UN mirror 
effect A = 9.1, and in the type-IID mirror effect A = 10.7. 

For cold atoms, the shallow two-body bound states pre- 
dicted in this Letter will be free from three-body recom- 
bination (if isolated from other atoms and molecules), 
and can potentially be much longer lived than the Efi- 
mov trimers created experimentally 0, 15l-fl3{ . 

The spatial mobility of the dimers in Scenarios 3-7 may 
allow them to be transported and/or manipulated easily. 

In summary, we have shown that by tuning two parti- 
cles near a scattering resonance and delicately constrain- 
ing the spatial motion of at least one of them, one can 
create many universal giant two-body bound states. Our 
scenarios illustrate a close interplay between spatial ge- 
ometry and universal few-body states. For instance, in 
Scenarios 2 and 4, by merely increasing the angle be- 
tween the two rays or sheets to 180°, one can eliminate 
the discrete sequence of two-body bound states. 



5 



The present work can be extended to large but finite 
two-body (effective) scattering lengths, or to situations 
where the external potential for particle A at the vertex, 
edge, or mirror is slightly detuned such that the particle 
is subject to a large but finite ID scattering length in f , 
2, or 3 dimensions. We expect that by reducing the (ef- 
fective or fD) scattering length by each factor of A, one 
shallow two-body bound state disappears. This is analo- 
gous to the three-body Efimov effect (see, eg, Ref. Q). 

By changing the external potentials for particles, one 
may realize many more types of universal two-body or 
few-body effects. Here we list just a few examples. 1. 
By confining one particle along a thin circle and allow- 
ing another to move in 3D, one can produce exotic shal- 
low two-body bound states that are entirely determined 
by macroscopic parameters such as the mass ratio, the 
radius of the circle, and the effective scattering length 
(there is no discrete scaling symmetry in this case). 2. 
By confining one particle along a hyperbola (a rounded 
2-leg vertex) and allowing another to move in 3D, one 
can produce shallow bound states with discrete scaling 
symmetry in the infrared limit, with a length parameter 
I/kq uniquely determined by the mass ratio and the pa- 
rameters of the hyperbola. 3. One can create new types 
of vertex effects by confining one particle along the arms 
of an n-leg vertex (n > 3) , which offer many more knobs 
- the angles between the arms - for controlling the two- 
body bound states without breaking the discrete scaling 
symmetry. 4. In the 1-leg vertex effect, one can drive the 
excitation or de-excitation of a shallow two-body bound 
state by placing another ID ray nearby and injecting a 
third particle along it. Such universal two-body and few- 
body effects will be studied in the future. 

The author thanks Rudi Grimm, Dean Lee, Yusuke 
Nishida, and Ran Qi for discussions. This work is sup- 
ported by the NSF Grant PHY- 10685 11 and by the Al- 
fred P. Sloan Foundation. 
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